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1. 1NTRo~ucTloN 
In this paper, we are interested in global solutions of the semilinear 
singular initial value problem 
Lu = Ax, y, t; u), O<t<T<co, (1) 
u(x, y, 0) = 0, u,(x, y, 0) = 0, (2) 
where L is the well-known two-dimensional Euler-Poisson-Darboux 
operator given by 
Lu s u,, + (k/t) u, - u,, - u,,, 
with a real parameter k > 0. We give sufficient conditions on g such that 
there exist globally a maximal and a minimal solution of the problem (1) 
and (2). Under an additional condition on g, uniqueness of the solution also 
holds. In such a case, the maximal solution and the minimal solution 
coincide, and this provides the solution of the problem. 
It is known that the problem (1) and (2) is well posed in the linear case 
when g is independent of u (cf. Diaz and Ludford [ 31). It was considered by 
Keller [S] when k > 1 and g depended on u only; he obtained a comparison 
theorem under a Lipschitz condition. 
2. MAXIMAL AND MINIMAL SOLUTIONS 
We say that a solution M(x, y, t) (m(x, y, t)) of the problem (1) and (2) is 
a maximal (minimal) solution if M(x, y, t) > u(x, y, t) (m(x, y, t) < u(x, y, I)) 
for any nonnegative solution u of the problem (1) and (2). We shall establish 
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existence of a maximal and a minimal solution under the following con- 
ditions: 
(i) g(x, y, t; U) > g(x, y, t; v) whenever u > u at (x, y, t); 
(ii) g(x,y, t; 0) > 0 with g > 0 on a set of positive measure; 
(iii) g is twice continuously differentiable, and there exists a positive 
constant b such that 
g(x, Y, c u) < b 
for (x, y, t) in a bounded domain in which u > 0. 
Since g is twice continuously differentiable, from the solution formula 
given by Diaz and Ludford [3] for a linear problem, we may convert the 
problem (1) and (2) into the integral equation 
where K(x, y, t; c, v, t) is the kernel (cf. Davis [2] and Young [9]) of the 
operator L given by 
K(x,y,r;5,tr,?)=2k-~~~“2F(~,~;~;z), (4) + 
R = (t - r)’ - (< - x)’ - (q - y)*, 
R, = (t + r)* - (c-x)’ - (a -y)‘. 
where z=R-/R+, F is a hypergeometric function, and D is the domain 
bounded by the retrograde cone 
(C - x)’ + (q - y)’ = (2 - t)*, O<t<t, 
and the plane t = 0. We note that since 0 < z < 1 in D, the hypergeometric 
function is positive (cf. Rainville [6, p. 45]), and hence the kernel K is also 
positive. 
Let us construct a sequence (Mi(x, y, t)} by 
LM,(x, Y, f) = b, M,(x, Y, 0) = 0, a4,(x, y, o)/at = 0, 
and for i = 0, 1, 2 ,..., 
L”i + I Cxv Y9 l) = dx, Yv I; Mi)7 Mi+I(x*Yvo)=o, 
aiwi + , (x, y, O)/& = 0. 
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By the uniqueness of the solution of the linear problem, we readily verify 
that 
M,(x, y, t) = bt2/[2(k + l,] > 0. 
From (3) with g(<, q, r; u) being replaced by g(& q, r; Mi). it follows that the 
sequence (M,.} is well defined. 
By using a proof similar to that of Keller and Cohen [4] for boundary 
value problems for uniformly elliptic, selfadjoint, and semilinear equations 
(cf. also Amann [ 1 ]), we have the following theorem. 
THEOREM 1. Under conditions (i)-(iii), rhe sequence (Mj} satisfies 
0 < Mi+ ,(x, y, t) < Mi(x, y, t) < M,, i = 1, 2. 3 . . . . . for t > 0, 
and conoerges uniformly to the maximal solution of the problem (1) and (2). 
Similarly, we may construct a monotone nondecreasing sequence of lower 
bounds converging to the minimal solution. 
THEOREM 2. Under conditions (i)-(iii), the sequence (mi} constructed by 
m, E 0, and for i = 0, 1, 2 ,..., 
L-m;+ ,(X3 Y3 0 = g(X, -VI I; mi), mj+,(X,Y,O)=O. 
ami + 1 (Xv .V, O)/at = 0, 
satisfies 
i = 1, 2. 3 ,..., for t > 0. 
and converges untformly to the minimal solution of the problem (1) and (2). 
Using the method of Keller [5], we can establish the following uniqueness 
theorem without g satisfying a Lipschitz condition. 
THEOREM 3. Let g be continuous, and for bounded functions u and P 
with u > u at (x, y, t), 
0 < g(x, y. t; u) - g(x, I’, t; u) < H( u(x, y. t) - 1$x, y, t)]. 
where H is a positive constant. Then the problem (1) and (2) has at most one 
solution. 
Under the hypotheses of Theorems 1 and 3, the maximal solution and the 
minimal solution coincide to give the unique solution of the problem ( 1) and 
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(2). We note that condition (ii) guarantees that the solution is nontrivial. The 
method used here also applies when u is nonzero at t = 0 since there is a 
representation formula for such a case (cf. Weinstein [B]). By the method of 
descent, it is possible to deduce from (4) the kernel for the one-dimensional 
operator 1 defined by 
lu = u,, + (k/t) 24, - u,, - c*u, 
where c is a constant. Alternatively, the kernel for this equation in charac- 
teristic coordinates was given explicitly by Tricomi 17, p. 1321. Thus a 
corresponding one-dimensional semilinear singular initial value problem can 
also be solved. 
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